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#$%Finding evidence of stock market
integration applying a CAPM or
testing for common stochastic




In this paper it is demonstrates that if assets are priced ac-
cording to Black’s (1972) CAPM, then tests on the cointegrated
VAR can reveal evidence for or against integration of ﬁnancial
markets. If the market portfolios cointegrate one-to-one and
share the same deterministic long-run trend, the markets obey
t h el a wo fo n ep r i c e . F u r t h e r m o r e ,i ti ss h o w nh o wt h ed r i v i n g
force of the prices can be found. Evidence from an empirical ex-
ample suggests that the Danish and American stock markets are
integrated because US stock prices drive those of Denmark.
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11I n t r o d u c t i o n
The following analysis aims at combining two directions in the existing
literature of testing for stock market integration. It will be demonstrated
how tests for integration assuming a capital asset pricing model (CAPM)
and tests for common stochastic trends among stock price indices can be
linked by restrictions on the cointegrated vector autoregressive (VAR)
model. The source of the common trends is rarely discussed in the
existing literature. The present paper takes up that discussion and shows
how tests in the cointegrated VAR can provide information about it.
Relations between national ﬁnancial markets have been of interest to
researchers for more than a decade. Much eﬀort has been made to ﬁnd
empirical evidence for or against links among stock markets in diﬀerent
countries, especially since the crash in stock markets in October 1987.
Several studies of theoretical macroeconomic models have established
many potential economic beneﬁts from the integration of ﬁnancial mar-
kets. The general consensus is that, because of better opportunities for
risk sharing, the integration of ﬁnancial markets can stimulate growth
(see, for example, Pagano (1993) and Obstfeld (1989, 1998)). Indeed,
much eﬀort has been made at the political level in order to put legal
conditions in place which, in turn, facilitate the integration of national
ﬁnancial markets. The European Union is an obvious example here (See
Licht, 1997). This has led to the important question of whether or not
ﬁnancial markets have in fact become more integrated.
Various authors have suggested ways of testing for market integra-
tion. One direction of the literature argues (assumes) that markets are
integrated if similar assets - i.e. assets with the same risk-adjusted pay-
oﬀ proﬁle - are priced identically. A CAPM can be used to determine
whether such assets have the same (theoretical) price. Another direc-
tion of research tests integration in terms of common stochastic trends
(or cointegration) among international markets, which are measured by
indices representing the whole market. The more markets are cointe-
grated - i.e. the fewer common stochastic trends the markets share - the
stronger the evidence of integration.
In the present paper it is assumed that assets are priced according
to a version of the CAPM developed by Black (1972). Furthermore,
it is assumed that the data generating process (DGP) of the market
portfolios can be described by a VAR model. With these assumptions
in hand it is shown how evidence can be found for or against market
integration simply by testing restrictions on the VAR model.
The rest of the paper is organized as follows: Section 2 discusses the
concept of the integration of ﬁnancial markets on the basis of proposed
deﬁnitions in the ﬁnancial literature. In section 3, the statistical model
2is set up and discussed followed by a discussion of the theoretical asset
pricing model in section 4. The restriction on the statistical model,
b a s e do nt h eC A P M ,i st r e a t e di ns e c t i o n5 ,a n ds e c t i o n6p r o v i d e sa
discussion of the source of the stochastic trends in stock prices. It is also
demonstrated how a simple test on the cointegrated relations can reveal
information of where the common trends come from. In section 7, an
empirical example is given, and the analysis is summarized in section 8.
2 Integration of ﬁnancial markets
In the ﬁnancial literature a formal deﬁnition of market integration does
not seem to exist. Nevertheless, many proposals have been put forward:
see, for example, Jorion & Schwartz (1986); Wheatley (1988); Gultekin
et al. (1989); Bekaert & Harvey (1995); Chen & Knez (1995); and
Hardouvelis et al. (1999). In general there seems to be some consen-
sus that two ﬁnancial markets are considered integrated if assets with
the same risk-adjusted return cash-ﬂows are priced similarly. Some au-
thors also refer to this as the law of one price. It follows from this that
integration is related to convergence of risk aversion across markets in
the sense that the diﬀerence between investors’ degree of aversion on
diﬀerent markets narrows.
The question of integration is not only relevant in an international
context. When considering national markets, tests of integration among,
for example, IT-stocks and industrial stocks are also relevant.1 In the
empirical analysis which follows, the focus is on integration between
stock markets in diﬀerent countries, but a similar analysis could easily
be conducted using data for diﬀerent industries. In fact, it might be
the case that if national markets are perfectly integrated, then investors
might prefer to diversify their portfolio between industries rather than
countries.2
In practice, many stocks are not traded at more than one (or occa-
sionally a few) stock exchange(s), which complicates the testing integra-
tion. So, how can we even talk about stock markets being integrated
and, furthermore, is it possible to test this at all? This leads to the ques-
tion of how stock prices are determined. If, for example, stock prices in
general are determined only by domestic fundamental factors, then an
examination of convergence in the development of appropriate funda-
mentals could serve as a test for integration. In practice, however, there
seems to be more factors involved than fundamental variables in terms of
inﬂuencing stock prices. The October 1987 crash in the American stock
1Of course, comparing sectors in a national market is somewhat easier since ﬂuc-
tuations in exchange rates do not exist.
2This point was also noted by Hardouvelis et al. (1999).
3market, which spread to many other countries despite the fact that the
development in the fundamentals were very diﬀerent, is an example of
this. Furthermore, the sharp increase in US stock prices, which started
in 1995, seems to have spread to other countries as well, as can be seen
in Figure 1, which shows the development in real stock prices in the US,
the UK and Germany.










Figure 1. Real stock price indices. Quarterly data.
Testing integration empirically raises the diﬃcult question of how to
measure risk-adjusted return cash-ﬂows. Several studies test integration
by applying theoretical pricing models such as CAPM and APT (Arbi-
trage Pricing Theory). Both models are price assets in general equilib-
rium. In CAPM the rates of return on all risky assets are functions of
their covariances with the market portfolio (the portfolio consisting of
all assets in the market). In APT models the returns of risky assets are
linear combinations of various factors that aﬀect asset returns. Hence,
APT is more general than CAPM and it can be shown that CAPM is
a special case of APT.3 In the analysis below, a version of the CAPM
is used to illustrate the meaning of risk-adjusted prices, and to describe
the link between cointegration among prices and market integration.
3The CAPM and the APT model are described in standard text books on ﬁnancial
theory such as Copeland & Weston (1988).
43T h e s t a t i s t i c a l m o d e l
We consider the unrestricted VAR(k) model (k is the number of lags),
which is written in error correction form:4
∆Xt =Π Xt−1 +
k−1  
i=1
Γi∆Xt−i + µ0 + µ1t + εt,ε t ∼ iid(0,Ω), (1)
where Xt represents the data vectors of dimension p, for example consist-
ing of stock price indices from diﬀerent countries. The matrices Π, Γi, µ0
and µ1 include coeﬃcients to be estimated. To simplify notation possible
dummies are disregarded. The ﬁrst thing to investigate is whether Xt
is I(1) a n di fa n yo ft h et i m es e r i e ss h a r et h es a m es t o c h a s t i ct r e n d ( s ) .
These hypotheses can be formulated as a reduced rank condition on Π:
H1 :Π=αβ
  has reduced rank r<p ,
H2 :α 
⊥Γβ⊥ has full rank p −r,
where Γ=I −
 k−1
i=1 Γi.T h e ⊥ notation indicates an orthogonal com-
plement such that α 
⊥α =0and β
 
⊥β =0 .T h eh y p o t h e s i sH2 is about
the I(1) space having full rank such that there are no stochastic I(2)
trends present. This hypothesis ensures that we have p−r independent
common stochastic trends besides r cointegration relations. If H1 and
H2 are accepted the prices share at least one common trend.
A test for the number of common trends is developed by Johansen
(1988, 1991). He shows how to apply Anderson’s (1951) technique of
reduced rank regression to form a likelihood ratio test, where the max-
imized likelihood functions are found by solving an eigenvalue problem.
More precisely, by making the reduced rank regression we get p eigen-
values: 1 >   λ1 >. . .>  λp > 0. The likelihood ratio (Trace) test for r




ln(1 −   λi), (2)
where T is the number of observations. Johansen & Juselius (1990)
derive the asymptotic distribution of the test and present critical values.
In the case of cointegration the moving average representation is,




(εi + µ0 + µ1i)+C1(L)(εt + µ0 + µ1t)+A, (3)
4The approach used here was developed by Johansen (1988, 1991, 1996).
5where C = β⊥(α 
⊥Γβ⊥)−1α 
⊥, A depends on the initial conditions and




i=1 εi is the only non-stationary part of the process, this
is deﬁned as the common stochastic trends.5 The matrix α 
⊥ are the
coeﬃcients for the common trends and β⊥ are the loadings from the
common trends into the variables. The latter indicates to what extent
t h ev a r i a b l e sa r ea ﬀ e c t e db yt h et r e n d s .
The cumulation of a deterministic trend is a quadratic trend. Since
this is rarely (probably never) seen in economic time series this cumu-
lation should be avoided. This can be achieved by restricting the trend
to the cointegrating space. Formally this is done by decomposing µi
(i =1 ,2) such that µi = αρi + α⊥γi. The restriction γ1 =0is then










It can be shown that the linear trend in the process is given by6





Considering a process on the form Xt = τ0 + τ1t + stoch. terms
implies that E(∆Xt)=τ1, which will be used later. Note that in the
long-run relations, β
 Xt, the coeﬃcient for the deterministic trend is
given by β
 τ1 = −ρ 
1. Hence, a test on the long-run trend is simply a
test about ρ1.
F r o m( 3 )i tf o l l o w st h a tat e s to ft h es a m ei m p a c tf r o mt h ec o m -
m o nt r e n d ss h o u l db ep e r f o r m e do nt h eC matrix. Tests should reveal
whether the rows of C are identical. Since (α 
⊥Γβ⊥)−1 is only a normal-
ization, the test for identical rows in C can be performed as a test for
identical loadings from the stochastic trends, i.e. a test for that β⊥ is
proportional to (1,1,...,1) . If the prices share only one common trend,
β⊥ will be a vector of p components. Alternatively we can perform the
test on the β matrix. The test will be for one-to-one cointegration be-
tween the variables. For example, in the case with p =2the test can be












It is well known that in general β is not unique. In the case p =3 ,
the test of similar loadings from the common trends can be formulated
5See Johansen (1996) Deﬁnition 3.7.
6See Johansen (1996) exercise 6.1.























Testing hypotheses formulated as (6) and (7) is straightforward using
the procedure described in Johansen & Juselius (1994). Furthermore,
testing hypotheses on β is standard procedure in software packages such
as PCFIML (Doornik & Hendry, 1997) and CATS in RATS (Hansen &
Juselius, 1995).
4B l a c k ’ s C A P M
This paper will operate on the assumption that integration of markets
is a long-run feature. It seems reasonable to believe that two markets
remain integrated regardless of whether or not the integration is punc-
tuated by short periods of divergence. Furthermore, when applying an
equilibrium model to price assets, short-term divergence from the equi-
librium prices is likely to occur in the data. Prices in the long run - or
in equilibrium - should, however, be the same for similar assets traded
on diﬀerent markets if these are perfectly integrated.
The original version of the CAPM was - among others - developed
by Sharpe (1963, 1964). In this model it is assumed that investors have
the opportunity to invest in a risk-free asset, which gives a risk-free
return. Black (1972) shows that the results of the standard model also
apply if no such risk-free asset exists. Another asset (or portfolio) which
is unrelated (zero-correlated) with the market in general can take the
place of the risk-free asset.
For practical purposes there might be reasons not to consider invest-
ments in risk-free assets. One reason is that no unique deﬁnition of a
risk-free asset exists. Empirical testing of the CAPM often uses a money
market rate as a proxy for the risk-free rate of return. Whether this is
really a risk-free return or not can be subject to discussion.
This issue will not be touched upon further in this analysis since
it is doubtful whether investors really take into account the risk-free
rate of return when trying to determine the price of a stock. Assuming
that stocks are priced according to Black’s CAPM has the advantage
that one does not have to make any decision about the role of the risk-
free asset. Hence, when looking for evidence of whether two diﬀerent
markets would price identical assets similarly, we need only consider the
stochastic properties of the stock prices themselves and not take into
account the developments in, say, money market rates.
7The assumptions of the model are the following: (i) investors are risk-
averse agents, who maximize end-of-period expected utility of wealth;
(ii) they are price-takers with homogenous expectations of jointly nor-
mal distributed asset returns; (iii) assets are available in a ﬁxed quantity
and are all tradable and divisible; (iv) markets are frictionless and all
information is free and available to all investors; (v) there are no market
imperfections nor restrictions on short selling. As mentioned before, in
the standard CAPM it is also assumed that a risk-free asset exists. In
Black’s version this is not the case. Instead there exists a portfolio with
a return which is independent (zero-correlated) of that of the market
portfolio. Examining a model with no risk-free asset allows us to inves-
tigate the integration of markets, in which all assets bear a risk. Black’s
version is more general than the standard one and has Sharpe’s model
as a special case.
The underlying assumption of the model is that an investor only
demands additional return as compensation for any risk that is correlated
with the market as a whole. This is referred to as systematic risk. For
other risks, called unsystematic, the investor requires no compensation.
The market as a whole is referred to by the market portfolio m.T h i si s
deﬁned as the portfolio, which consists of all assets of the market held
in proportion to their value weights. Hence, the proportion of asset i in





where Vi is the market value of asset i and n is the total number of
assets. The idea is to measure the price of an arbitrary risky asset i as
a price adjusted for the systematic risk.
Given the assumptions mentioned above, all investors will hold an
eﬃcient portfolio, i.e. a portfolio which minimizes the risk given the
required rate of return or equivalently maximizes the rate of return given
the risk the investor is willing to take. Hence, the set of all eﬃcient




s.t.(i) re = W  Re




where W is a n × 1 vector consisting of the portfolio weights for each
of the n assets, Σ is the covariance matrix of returns, re is the required
expected return (a number), Re is a n×1 vector containing the expected
return of all assets, 1 is a n × 1 vector of ones and re
mvp is the return
8of the minimum-variance-portfolio, i.e. the portfolio which solves the
problem (9) disregarding the constraints (i) and (iii). In appendix A
it is shown that the set of solutions to (9) disregarding (iii) graphically
represents a hyperbola in the σ−re space. This set is called the frontier.
The constraint (iii) ensures that investors always choose a portfolio on
the upper part - i.e. the eﬃcient part - of the frontier.
Since all investors hold an eﬃcient portfolio, the market portfolio is
also eﬃcient as this is just the sum of all portfolios. In fact, it can be
shown that the set of eﬃcient portfolios is convex and, hence that any
linear combination of eﬃcient portfolios is also eﬃcient.7
As the existence of a portfolio uncorrelated with the market port-
folio is essential for Black’s CAPM, it will be shown formally that this
does exist. The zero-correlation portfolio, which will be called z, fulﬁlls
corr(re
m,r e
z)=0 ,w h e r ere
m is the expected return of the market portfo-
lio and re
z is the expected return of the z-portfolio. As demonstrated in
appendix A, the necessary and suﬃcient conditions for the solution of
(9) implies
W = g + hr
e (10)
and (iii),w h e r eg and h are n×1 vectors deﬁned in Appendix A. Using

























where C and D are real numbers deﬁned in Appendix A. Setting (11)
equal to zero deﬁnes the unique zero-correlation portfolio corresponding











From (12) it follows that all frontier portfolios, except the minimum-
variance portfolio, have a corresponding zero-correlation portfolio.9 Par-
ticularly, the market portfolio has a corresponding z portfolio, assuming
that Wm  = Wmvp.
The idea of the CAPM is to form a portfolio consisting of the market
portfolio m in proportion 1 − a and the rest in a risky asset i.T h i s





i +( 1− a)r
e
m, (13)
7See Huang and Litzenberger (1988) Chapter 3.
8See Appendix B.
9The zero-correlation portfolio for the market portfolio can also be found by solv-










m +2 a(1 − a)σim, (14)
where σim is the covariance of the returns of asset i and the market
portfolio. Note that p can be thought of as an artiﬁcial portfolio. This
follows from the fact that in equilibrium all portfolios are eﬃcient and
hence, as argued above, m is also eﬃcient. As m consists of all assets,
including i, a must be the excess demand of asset i.N o w t h e i d e a i s
to investigate what happens when approaching equilibrium, i.e. when a
approaches zero.
The ratio between the partial derivatives of the mean in (13) and the
standard deviation in (14) for a =0g i v e su st h es l o p eo ft h ef r o n t i e r










for a =0 . (15)
We apply the same trick and form an (artiﬁcial) portfolio consisting



























for a =0 . (18)
In equilibrium (15) must hold between the market portfolio m and
the risky asset i. At the same time (18) must hold between m and the
zero-correlation portfolio z. Equalizing (15) and (18) and reorganizing
gives us the expected return of i, expressed as a linear combination



















Black’s model is also called a two-factor model, since we can deter-




m is the quantity of risk in the model. Formula (19) is the ex-
pected risk-adjusted return of asset i. To ﬁnd the risk-adjusted price,







10where pi0 is the start-of-period price and E(pie) is the expected end-of-
period price.
Evaluating (20) for two diﬀerent markets can tell us something about
the degree of integration between the markets. The idea is that we want
to price two identical assets in two diﬀerent markets. By identical assets
are meant that the expected end-of-period prices are the same in both
markets and the covariances with the market portfolios are equal. If the
start-of-period prices are equal then the markets are perfectly integrated.
5 Integration and the restrictions on the VAR model
For simplicity, integration between only two markets is considered here.
This can, however, easily be extended to consider three or more markets.
From (20) it appears that equally risky assets will have the same price
in market 1 and market 2 if the denominators are the same. Since the
assets are assumed to be similar (σ1,im = σ2,im and E(p1,ie)=E(p2,ie)),
this will occur if (i) the expected returns of the market portfolios are
the same, re
1,m = re
2,m; (ii) the variances of the returns of the market
portfolios are equal, σ2
1,m = σ2
2,m; and (iii) the expected returns of the
zero-correlation portfolios are equal, re
1,z = re
2,z.
Consider the prices of two market portfolios and assume that the
development in these can be described by a VAR model. Furthermore,
it is assumed that the prices are integrated of order one, I(1), and coin-
tegrate, i.e. they share the same stochastic trend. Hence, the system
has p =2and the restriction r = rank(Π) = 1 is imposed. This can
















t + stat, (21)
where pi,t,i=1 ,2 is the logarithm of the series of prices for the market
portfolios and stat represents the stationary components of the process,
which will be unimportant in the following. In general, ui = f(ε1i,ε 2i),
i.e. some function of the residuals of the process such that E(ut)=
0 and var(ut)=σ2
u. The coeﬃcients d1 and d2 r e f e rt ot h a tp a r to f
the deterministic trend which is not automatically eliminated in the
cointegrating relation (the long-run trend), whereas k1 and k2 refer to
the part which will disappear. The long-run trend is the important one
here as we are considering pricing in a steady state. Hence, when relating
this model to the cointegrated VAR, (d1,d 2)  = −β(β
 β)−1ρ1 such that
ρ1 = −β
 (d1,d 2)  and (k1,k 2)  = τ1 +( d1,d 2) . The coeﬃcients ci and
(di + ki), i =1 ,2 are to be estimated. The returns of the two market
11portfolios are given by:
r1,t =∆ p1,t = c1ut + d1 + k1 + ... ∼ I(0),
r2,t =∆ p2,t = c2ut + d2 + k2 + ... ∼ I(0), (22)
which are stationary. Since the expected value of a stationary process is
constant over time, the expected returns are:
re
1,t = E(r1,t)=d1 + k1,
re
2,t = E(r2,t)=d2 + k2. (23)
In the long run k1 and k2 are eliminated, i.e. β
 (k1,k 2)=0 , such
that the expected returns of the two market portfolios are equal if the
coeﬃcients for the long-run trends are the same: d1 = d2.T h i si m p l i e s
that there will be no trend in the cointegrating relation. Hence, imposing
the restriction of equal expected returns implies ρ1 =0in (4).
For calculation of the variance of the returns it should be noted that,
in the long run, the non-stationary part of the process dominates the
stationary part with respect to the stochastic variation. The long-run











Thus, the variation of the returns of the market portfolios are equal if
c1 = ±c2 a n di np a r t i c u l a ri fc1 = c2, which is the most natural case and
the one investigated here. In other words, the impact from the common
stochastic trend are the same on both variables, that is the prices coin-
tegrate one-to-one. The restriction imposed on the cointegrating VAR
is sp(β)=sp(1,−1).
The return of the zero-correlation portfolios will by deﬁnition fulﬁll
that corrLR(re
i,t,r e
iz,t)=0 ,i=1 ,2.I fc1 = c2 the expected return of the
zero-correlation portfolios will be equal. To see this, notice that for c1 =
c2, re
1,t and re







1z,t)=0 . And as the zero-




The above discussion can be summed up as follows: If the time series
of prices for two diﬀerent stock markets have the same deterministic
long-run trend and they cointegrate one-to-one, then two similar assets
will be priced equally on both markets. In other words, the markets
are integrated in the sense that two assets with the same risk proﬁle
will be priced identically. The hypothesis of integrated market can be
formulated as sp(β,ρ1)=sp(1,−1,0).
126 Where does the common trend come from?
This section focuses on the source of the common stochastic trend in the
situation where markets are integrated. Here, ﬁnding the driving force
behind stock prices is regarded as an empirical issue. By the driving
f o r c ei sm e a n tt h ef o l l o w i n g : av a r i a b l e ,x2 say, is driven by another
variable, x1 say, if the non-stationary part of x2 is the cumulation of the
errors of x1 only.
In this situation, where we are interested in market integration, we
might want to look for factors driving the larger market - which could
be another (bigger) market - to be the driving force. For example, if one
ﬁnds evidence of integration between two relatively small stock markets
such as those of Denmark and Sweden, then the common stochastic
trend might come from a larger market like Germany, for example. If
this turns out to be the case, the next step could be to investigate what
drives the German market. For example, one could include German
G D Pa sav a r i a b l e . I ft h i si st h e( o n l y )d r i v i n gf o r c eo ft h ep r i c e s ,w e
should still ﬁnd evidence of only one common trend.
In what follows I investigate whether one of the two markets con-
sidered drives the system. Formulated another way, I want to discover
whether the common stochastic trend is coming from one of the variables
already included in the system. This can be formulated as a test on the
coeﬃcients for the common stochastic trends, i.e. on α⊥. The moving
























where   β⊥ = β
 
⊥(α 
⊥Γβ⊥)−1. If the driving force of the system is x1,
say, the restriction on the VAR is sp(α⊥)=sp(1,0) or formulated on
α, sp(α)=sp(0,1). As with tests on the β vectors, tests on the α
vectors are likelihood ratio and is a standard test in the software packages
mentioned above. For a description of the procedure see Johansen (1996)
Chapter 8.
7 An empirical example
In this example I investigate whether the Danish and the US stock mar-
kets are integrated, examining data from the post Bretton Wood period.
A priori one might expect a big market like the American one to have
considerable inﬂuence on a small one like that of Denmark. It is unlikely,
however, that there is any reciprocal eﬀect.
The source for the data is IMF’s International Financial Statistic
(IFS) and for a further description the reader is referred to the IFS
13manual. The stock price indices (ser. 62) do not cover the entire markets
but are used as proxies for the market portfolios. To obtain real prices
the stock prices are deﬂated with the consumer prices indices (ser. 64).
The Danish data are converted to US dollars using the average exchange
rate (ser. AF). The series are in logarithms and cover quarterly data from
1976Q1 to 1998Q4. The data are illustrated in levels and diﬀerences in
Figure 2. A ﬁrst look at these could suggest that the series are I(1).
















Figure 2. Data in levels and diﬀerences.
AV A Rw i t h2l a g s 10 is applied and misspeciﬁcation tests indicate no
autocorrelation and no ARCH in the residuals. There is only small evi-
dence of normality, which is mainly due to the US data. Since normality
is not crucial for the result obtained below, the model is considered well
speciﬁed.
The critical values for the test of rank(Π) depends on the speciﬁca-
tion of the deterministic terms. The ﬁrst model considered includes a
trend restricted to the cointegration space given in (4) This model will
10The number of lags was determined by considering successive F-test from 5 lags
and down as well as looking at the information criteria of Schwarz and Hannan-Quinn.
All indications were in favor of 2 lags.
14be named H∗(r).11 With a 10% signiﬁcance level we can accept the hy-
pothesis of one cointegrating vector. Accepting rank(Π) = r =1means
restricting a root of 0.91 in the companion form matrix to one. It is
tested whether the trend should be included in the cointegrated space,
i.e. whether the long-run expected returns of the market portfolios are
equal. The hypothesis is formulated as:
us dk trend
H1 :( ∗∗ 0) ∈ sp(β).
The test is accepted with test statistic χ2(1) = 3.96 (p − value =
0.05). Hence the model is altered to include an unrestricted constant
and is named H1(r). The outcome of the Trace test is a bit lower than
the 90% critical quantile but with the two largest eigenvalues in the
companion form matrix being 1.02 and 0.65 we accept the hypothesis
of one cointegration vector. The hypothesis of restricting the constant
to the β-space is accepted with p − value =0 .22 using the test statis-
tic given in Theorem 6.3 in Johansen (1996) and the model is altered
accordingly to H∗
1(r). Also in this model evidence is in favor of r =1
and the hypothesis of zero-coeﬃcient for the constant is accepted with
test statistic χ2(1) = 0.33 (p − value =0 .56). The acceptance of this
hypothesis is due to the fact that the two indices have almost the same
initial values. Hence, from the analysis of the deterministic terms it is
concluded that the appropriate model in which to test hypotheses on β
and a is without any deterministic terms. This model is named H2(r).
The Trace tests in H2(r) are given in Table 1 and are in favor of
r =1but the hypothesis of two stationary relations is a borderline case.
Imposed the restriction r =1seems reasonable as the second largest
root in the companion form matrix is 0.65.
Table 1. Trace tests
H0 for rank Eigenvalues of Π Trace Asymp. 95% quant.
r=0 0.12 15.44 12.21
r=1 0.04 4.13 4.14
T h eﬁ r s th y p o t h e s i st ob et e s t e di nt h em o d e lH2(1) is whether the




11The name of this model, as well as the following considered, are the same as in
Johansen (1996).
15With statistic χ2(1) = 1.48 (p − value =0 .22) the hypothesis is
accepted suggesting that the stock markets of the US and Denmark are
indeed integrated. To examine the source of the stochastic trend, the
f o l l o w i n gh y p o t h e s i si st e s t e d :
us dk
H3 :( 0 ∗ )∈ sp(α).
The test is clearly accepted with test statistic χ2(1) = 1.30 (p −
value =0 .25), indicating that the development in the Danish stock
market is determined by the American stock market. The joint hypoth-
esis {H2,H3} was accepted with χ2(2) = 1.69 (p − value =0 .43) and




















The conclusion of the empirical analysis is that the US and Danish
stock markets do seem to be integrated. That is, assets with identical
risk-adjusted payoﬀ proﬁle have the same price on both markets. The
integration seems to be caused by the fact that Danish stock prices follow
those of America.
To see to what extent the role of the deterministic terms aﬀected the
conclusion, hypotheses on β and α were also tested in all of the three
other models: H∗(r),H 1(r), and H∗
1(r). In all cases the hypotheses of
integrated markets and no adjustment of the US market were accepted,
supporting the conclusion in the present analysis.
8 Summary of results
The main question analyzed in this paper can be formulated in the fol-
lowing manner. If we assume that a risky asset is priced according to
the CAPM, is it then possible to ﬁnd evidence for or against market
integration, by looking for common stochastic trends in the asset prices?
This paper has demonstrated that the answer is ”yes”.
In the ﬁnancial literature there is no common accepted deﬁnition
of when two markets are integrated. However, there seems to be some
consensus about the following: If the law of one price holds between two
markets then they can be considered integrated. The present analysis
shows that if the market portfolios cointegrate one-to-on and share the
same long-run trend, then the LOP will hold.
To avoid taking a position on the issue of equalization of risk-free
returns across markets, Black’s version of the CAPM is used. It is as-
sumed that a portfolio with no correlation with the market portfolio
16exists. Using this model the price of an arbitrary risky asset is found.
This tells us what conditions need to be fulﬁlled in order for two markets
to be integrated. It is then demonstrated how these conditions can be
interpreted in terms of restrictions imposed on the VAR model.
An issue which seems to have been somewhat neglected in the liter-
ature so far is the question of where the stochastic trends in prices come
from. It is demonstrated how tests on the cointegrated VAR model can
reveal information about this.
An empirical example is provided in order to illustrate the issues dis-
cussed. Evidence from this suggests that the American and the Danish
stock markets are integrated. The reason for the integration seems to
be that the Danish prices follow the American.
The CAPM, which was used to illustrate the concept of risk adjust-
ing, is a one period model. It could be interesting to see if similar results
apply when assets are priced with a dynamic model. Further empirical
investigation should be undertaken to study the degree to which na-
tional stock markets are integrated. This issue might be of particular
interest in the context of countries in the European Union. Furthermore,
the actual timing of integration could be investigated making recursive
analyses of the common stochastic trends. These issue will be left for
future research.
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189 Appendix A
We consider the problem (9) disregarding (iii). The problem can be
solved using several methods. Here it is solved applying the Lagrange
method. The Lagrangian is
$(W,λ1,λ 2)=W





where λ1,λ 2 > 0. The necessary and suﬃcient ﬁrst order conditions are:
∂$
∂W
=2 Σ W − λ1R










 1 − 1=0 . (29)


























To simplify notation we deﬁne12
A = 1 Σ−1Re,B= Re Σ−1Re,
C = 1 Σ−11,D = BC − A2.
The formulas (30) and (31) form a system of two equations and two































which is formula (10) with g = 1
D [B(Σ−11) −A(Σ−1Re)] and h =
1
D [C(Σ−1Re) − A(Σ−11)].
12The short-hand notation of Huang & Litzenberger (1988) is applied.
19Let us take a look at the graphical representation of the so-called
frontier, which is deﬁned as the set of portfolios W which has the smallest
possible variance W  ΣW = σ2 given the expected return W  Re = re.






















 2 =1 , (35)
which is a hyperbola in the σ − re space with center in (σ,re)=( 0 ,
A
C)






The minimum variance portfolio (mvp)i sd e ﬁ n e da st h ep o r t f o -







In this appendix it is demonstrated that the covariance between the rates
of return of any two frontier portfolios, p and q, can be expressed as in
(11). The covariance is deﬁned as cov(re
p,r e
q)=W  
pΣWq,w i t hWp and




 Σ(g + hr
e
q)=g












We apply the deﬁnitions of g and h given in appendix A and consider











































































































































































which is the same as (11) since re
mvp =
A
C and
C
D
D
C2 =
1
C.
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